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R E S I S T A N C E  IN L A M I N A R  F L O W  O F  AN E Q U I L I B R I U M  

D I S S O C I A T I N G  G A S  I N  A C I R C U L A R  T U B E  
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Numer ica l  solution of the boundary l ayer  equations has been used to obtain the t e m p e r a t u r e  
and veloci ty  f ie lds ,  as  well as  the local  heat t r a n s f e r  and f r ic t ion coeff ic ients ,  in l amina r  
flow of equi l ibr ium dissoc ia t ing  hydrogen in a c i r cu l a r  tube. 

A number  of pape r s  invest igat ing the effect  of d issocia t ion on heat  t r a n s f e r  and fr ic t ion in tubes have 
cons idered  flow e i ther  f a r  f rom the tube ent rance  [1], or  with an es tab l i shed  veloci ty  prof i le  [2, 3], and, 
in addition, the fluid was cons idered  incompress ib l e .  The p r e s e n t  p a p e r  cons iders  the p rob l em of s imu l -  
taneous development  of the veloci ty  and t e m p e r a t u r e  p rof i l es  in the flow of an equi l ibr ium dissoc ia t ing  c o m -  
p r e s s i b l e  gas .  

We cons ider  es tab l i shed  l a m i n a r  flow of a c o m p r e s s i b l e  gas  in a compara t ive ly  long c i r c u l a r  tube, 
a s suming  that there is equi l ibr ium dissocia t ion throughout the whole flow volume.  Then, as  is known, the 
ef fec t  of the d issoc ia t ion  reac t ion  can be evaluated by introducing the so -ca l l ed  effect ive phys ica l  p r o p e r -  
t ies  which, along with m o l e c u l a r  t r anspor t ,  account  for  the e f fec ts  of t r a n s f e r  due to chemica l  reac t ions ,  
and the de te rmina t ion  of t e m p e r a t u r e  and veloci ty  p rof i l es  reduces  to solution of a s y s t e m  of ord inary  
bounda ry - l aye r  equations 
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in which the physical  p r o p e r t i e s  depend apprec iab ly  on t e m p e r a t u r e  and p r e s s u r e .  

The following boundary conditions a r e  cons idered:  

r o > r > O ,  x = 0 ,  T = T o ,  u=V0, P=P0 ;  

r= r0 ,  x ~ O ,  T = T i ,  u = 0 ,  v = 0 ;  

Ou OT 
r = , O ,  - -  O, v=O.  

Or Or 

(2) 

System (1) was solved s imul taneous ly  with (2), numer ica l ly  ona  3M high-speed e lec t ronic  computer .  For  
this purpose  s y s t e m  (1) was approx imated  using a two- layer  impl ic i t  s ix-point  scheme.  A bas ic  rec tangula r  
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g r i d  x = nAx,  R = m A R  was  c h o s e n  in the x ,  R p l a n e ,  w h e r e  m ,  n = 0, 1, 2 . . . . .  and an  a u x i l i a r y  g r i d  x 
= (n + 1 /2 )Ax ,  R = m A R .  

U s i n g  d i m e n s i o n l e s s  v a r i a b l e s ,  s y s t e m  (1) is  w r i t t e n  in f in i te  d i f f e r e n c e  f o r m  a s  fo l lows :  
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w h e r e  

x =  x/d; u = u / V o ;  O = ( T - - T O I ( T  o - T O ;  a = g p c p ;  P =  P/V2o; v = v / V o ;  

= 4/3600dVo; ~ --- AV~/(T o - -  Tt); C = 4AYo/d (T o - -  TO; 6 = 4/Vod. 

The s y s t e m  of a l g e b r a i c  equa t i ons  ob t a ined  w a s  s o l v e d  by. the m a r c h i n g  m e t h o d  [4, 5]. Since  the s o l u t i o n  
u n 1/2 n 1/2 r e q u i r e s  knowledge  of the c o e f f i c i e n t s  ( p u ) ~ -  ' (P~)~a- , e t c . ,  a t  the c e n t e r  of the c o m p u t i n g  l a y e r ,  the 

fo l lowing  i t e r a t i o n  p r o c e s s  was  c o n s t r u c t e d .  F i r s t  the e n e r g y  equa t ion  was  s o l v e d  in the z e r o  a p p r o x i m a -  
t ion ,  in which  a l l  the unknown c o e f f i c i e n t s  w e r e  g iven  the c o r r e s p o n d i n g  v a l u e s  in the p r e c e d i n g  l a y e r ,  and 
then  the equa t i ons  of m o t i o n  and con t inu i ty  w e r e  s o l v e d  s i m i l a r l y ;  t h e r e a f t e r  the f i r s t  a p p r o x i m a t i o n  c a l -  
c u l a t i o n  was  p e r f o r m e d ,  in which  the unknown c o e f f i c i e n t s  w e r e  d e t e r m i n e d  f r o m  the r e s u l t s  of the z e r o  
a p p r o x i m a t i o n .  

The i t e r a t i o n  p r o c e s s  was  s t o p p e d  when the t e m p e r a t u r e  and v e l o c i t y  p r o f i l e s  of the  l a s t  a p p r o x i m a -  
t ion  d id  not  d i f f e r  by m o r e  than a g i v e n  amoun t  f r o m  the p r e v i o u s  a p p r o x i m a t i o n .  The a dd i t i ona l  cond i t i on  

l 

~ R d R  = const 
0 

was used to determine the pressure gradient in the equation of motion. 

The physical properties were given in tabular form. Here it was assumed that the pressure variation 

along the tube had a slight effect on the effective properties, which were given at the pressure P0. In the 

calculations the step sizes zkx and AIR were reduced until the result did not differ from the previous result 
in the third place. The heat-transfer coefficient was calculated from the following formula: 

O0 
2 ~ - n =  1 

Nu -- , (4) 
O w - -  Oar 

where ~av is the mean temperature of the gas, determined from the average calorimetric enthalpy. 
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Fig. 1. Distribution of dimensionless profi les  of velocity and temperature  ac ros s  the tube section as 
a function o f x / d  (Re = 744; T o = 681~ T i = 700~ Ax = 0.025; All = 0.05): 1) x /d  = 1; 2) 3; 3) 5; 4) 
7; 5) 10; 6) 15; 7) 20; 8) 25; 9) 30; 10) 35; 11) 40; 12) 50; a) axial velocity component; b) radial  velocity 
component;  e) t empera ture .  

Fig. 2. Variation of drag coefficient ~ as a function of x /d  and of Nu as a function of z (Re = 744; T O 
= 681~ T 1 = 700~ AR = 0.05; Ax = 0.025): 1) calculated f rom Eq. (5); 2) f rom the formula 
= -2(dP/d~)/p~20; 3) f rom the formula of [7]; 4) the data of [6]; 5) f rom Eq. (4). 

The hydraulic res is tance  coefficient was calculated from the formula 
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To check the co r rec tnes s  of the method, calculations were pe r fo rmed  for small  t empera ture  d i f fe r -  
ences between the wall and the gas ,  which allowed the resul ts  to be compared with others obtained for con-  
stant physical  proper t ies .  Figure 1 shows the distribution of dimensionless  gas tempera ture  and of velocity 
components ac ross  the tube section for var ious  values of x /d .  Figure 2 shows resul ts  of calculation of Nu 
and the drag coefficient.  Data of [6, 7] are  given for compar ison.  

Examination of these f igures shows that the value of Nu agrees  with that obtained for  flow with a 
parabol ic  velocity profile [6], while the drag coefficient,  depending on its definition, differs somewhat f rom 
the resul ts  of the approximate solution of Targ ,  given in [7], associa ted with change of the mean velocity 
along the tube (in [7] the density and the mean velocity were constant).  

In o rder  to elucidate the effect of equilibrium dissociat ion on heal t r ans fe r  and friction, a se r ies  of 
calculat ions was made with var ious  values of the initial p a r a m e t e r s .  Since the effective proper t ies  of a d i s -  
sociating gas,  and of hydrogen, in par t icu la r ,  typically have ex t rema in their  var ia t ion with tempera ture ,  
the following three charac te r i s t i c  ranges of var ia t ion of the degree of dissociat ion in the boundary layer  
can be identified: 1) ~ = 0-1; 2) e~ = 0-0.5; 3) ~ = 0.5-1. 

Additionally, for s imi lar  conditions at the entrance,  calculations were per formed for nondissociating 
hydrogen with f rozen composit ion,  independent of tempera ture .  To exclude the effect of compress ibi l i ty  
on heal t ransfer ,  a m a s s  flux was chosen, corresponding to a value of M at the tube entrance of ~0.01. 

The resul ts  of the computations show that the equilibrium dissociat ion had the grea tes t  effect on 
tempera ture  prof i les .  Figure 3 shows dimensionless  temperature  prof i les ,  calculated for  the case of hea t -  
ing of equil ibrium dissociated and "frozen" hydrogen.  Examination of Fig. 3 shows that, depending on the 
degree of dissociat ion in the boundary layer ,  the temperature  profi le,  par t icu lar ly  near  the wall, can differ 
appreciably f rom the temperature  profi le in frozen flow of hydrogen.  The tempera ture  prof i les  also differ 
appreciably in the case of cooling of equilibrium dissociated hydrogen. 
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Fig. 3. Distribution of dimensionless temperature profile across the tube section, as a function 

of x/d, for equilibrium dissociated and "frozen" hydrogen (P0 =5 arm): i) x/d = i; 2) 3; 3) 5; 4) 

7; 5) i0; 6) 15; 7) 20; 8) 25; a) Re = 424; cq = i; T O = 2000~ T I = 7000~ b) Re = 235; c% = 0.334; 

cq = i; T O = 4000~K; T I = 7000~ c) Re = 424; c~ 0 = 0; cq = 0.334; T O = 2000~ T I = 4000~ I) equi- 

librium dissociated hydrogen; II) "frozen" hydrogen. 
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F i g .  4. D i s t r i b u t i o n s  of  Nu and of  the d rag  coe f f i c i en t  ~ a long the 

tube fo r  hea t ing  (A) and coo l ing  (B) of hyd rogen  (P0 = 5 arm):  A: 

a) Re = 424; c% = 0; a 1 = 1; T o = 2000~ T 1 = 7000~ b) Re = 235; 

c~ 0 = 0.334; c~ 1 = 1; T o = 4000~ T 1 = 7000~ e) Re = 424; c% = 0; 

cq = 0.334; T O = 2000~K; T i = 4000~ B: a) Re = 183; c% = 1; cq 

= 0; T o = 7000~ T 1 = 2000~ b) Re = 183; c% = 1; cq = 0.33; T O 

= 7000~ T 1 = 4000~K; c) Re = 235; c% = 0.334; oz 1 = 0; T o = 4000~ 

T 1 = 2000~ I,  II) s e e  F ig .  3; 1) Nu; 2) Nu0; 3) ~; 4) ~0. 

F i g u r e  4 shows Nu and the d r a g  c o e f f i c i e n t s ,  c a l c u l a t e d  f r o m  E q s .  (4) and (5), for  hea t ing  and coo l ing  

of e q u i l i b r i u m  d i s s o c i a t e d  and " f r o z e n "  hyd rogen .  The a n a l y s i s  m a d e  of the r e s u l t s  ob ta ined  has  shown that  

the Nu va lue  for  e q u i l i b r i u m  d i s s o c i a t i o n  i n c r e a s e s ,  in c o m p a r i s o n  wi th  the va lue  Nu 0 fo r  f r o z e n  f low,  as  the 
d e g r e e  of d i s s o c i a t i o n  changes  in the boundary  l a y e r  in the r ange  0 to 1 o r  f r o m  0.5 to 1 in the case  of h e a t -  

ing ,  and in the r ange  1 to 0 o r  0.5 to 0 in the c a s e  of  coo l ing .  T h e r e  is a d e c r e a s e  of Nu in c o m p a r i s o n  with  

Nu0 with change of the d e g r e e  of  d i s s o c i a t i o n  in the boundary  l a y e r  f r o m  0 to 0.5 on hea t ing ,  and f r o m  0.5 to 

1 on coo l ing  of the g a s .  

This  e f fec t  on the Nu n u m b e r  is connec t ed  wi th  the m a r k e d  change  of the e f f e c t i v e  p h y s i c a l  p r o p e r t i e s  

in the boundary  l a y e r .  It should be noted  that  the hea t  f lux to the tube wal l  in a l l  the c a s e s  e x a m i n e d  is 
c o n s i d e r a b l y  g r e a t e r  than the hea t  f lux in f r o z e n  f low,  a f e a t u r e  wh ich  is connec t ed  with  the a p p r e c i a b l y  

g r e a t e r  v a l u e s ,  a v e r a g e d  o v e r  the tube c r o s s  s e c t i o n ,  of e f f e c t i v e  hea t  capac i ty  and t h e r m a l  conduc t iv i ty  of  

the d i s s o c i a t e d  g a s .  

13 



The veloci ty  p rof i l es  a re  affected much less  by the equi l ibr ium dissocia t ion,  and so the m a x i m u m  
dif ference  between the f r ic t ion coefficients in equi l ibr ium dissocia t ion in f rozen flow of hydrogen,  ~ and ~0 
does not exceed 10% for  the above conditions.  

U , V  

x,r 

Vo 
T 1 , TO 

d 
P0 
P 
~1, ~2 

N O T A T I O N  

are  the velocity components ;  
a re  the coordina tes ;  
is the gas veloci ty at the tube en t rance ;  
a re  the t e m p e r a t u r e s  of the wall and the gas at  the tube en t rance ;  
is the tube d i ame te r ;  
is the p r e s s u r e  at the tube en t rance ;  
is the densi ty;  
a r e  the degree  of d issoc ia t ion  at t e m p e r a t u r e s  T~ and T 0; 

R = r / r 0 ;  
z = x �9 103/(dPrRe);  
A 
M 
Re 
Nu 
Nu0 
S I , S 2 

is the the rma l  equivalent  of mechanica l  work;  
is the Mach number ;  
is the Reynolds number ;  
is the Nussel t  number ;  
is the Nussel t  number  in f rozen flow; 
a re  the averaging  p a r a m e t e r s .  
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